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a b s t r a c t
A new application of the Exp-functionmethod in combinationwith the dependent variable
transformation from singularity analysis is proposed for constructing new generalized
solitary wave solutions and periodic wave solutions for nonlinear evolution equations.
The Korteweg–de Vries equation is chosen to illustrate the validity and applicability of the
suggested approach.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
The investigation into the exact solutions of nonlinear partial differential equations plays an important role in mathe-
matics, physics, and other applied science areas. A variety of powerfulmethods have been proposed and analyzed for solving
nonlinear evolution equations. Among these methods, the Exp-function method proposed by He and Wu [1] is particularly
notable in its power and applicability in solving nonlinear problems, and it has been successfully applied to many kinds of
nonlinear partial differential equations [2–14]. All of these applications verified that the Exp-function method is a straight-
forward, efficient, and versatile technique for finding generalized solitary, periodic, and rational solutions for nonlinear
evolution equations as well as for revealing intriguing characteristics of various inner-wave interactions; this method also
is an improvement over some other methods, like the F-expansion method [15] and the tanh-function method [16]. In this
paper, we further extend the Exp-function method in combination with the dependent variable transformation from the
singularity analysis to find more new, generalized, solitary, and periodic wave solutions for nonlinear evolution equations
than are known in the literature. To illustrate our proposed algorithm, the following ubiquitous Korteweg–de Vries equation
(KdV) is chosen as an example:
ut + 6uux + u3x = 0, (1)
which arises in the study of shallow water waves and is used to describe long waves traveling in canals.
2. New solitary wave solutions to the KdV equation
Let us consider the KdV equations defined by (1). As in Hirota’s bilnear method [17], we use the transformation
u = 2 ln(f )xx, (2)
which follows from the singularity analysis [18], to transform (1) into a quadratic equation in f and its derivatives:
f (fxt + f4x)− fxft − 4fxf3x + 3f 22x = 0, (3)
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where the subscripts denote partial derivatives, e.g. f4x = ∂4f /∂x4. To search for new solitary solutions, let us seek the
solution form of the Exp-function method [1]
f (x, t) = f (η) =
d∑
n=−c
anenη
q∑
m=−p
bmemη
, (4)
where c, d, p, and q are positive integers which are unknown and to be determined later, and an and bm are unknown
constants.
Eq. (4) can be simply identified and written as
fL(f )+ N(f , f ) = 0, (5)
where L denotes the linear differential operator
L = ∂
2
∂x∂t
+ ∂
4
∂x4
, (6)
and the nonlinear differential operator N is defined as
N(f , g) = −fxgt − 4fxg3x + 3f2xg2x. (7)
Eq. (4) can be rewritten in an alternative form as follows:
f (η) = ace
cη + · · · + a−de−dη
bpepη + · · · + b−qe−qη . (8)
In order to determine the values of c and p, we balance the linear term of highest order of L in Eq. (5) with the highest order
nonlinear term in Eq. (5). By simple calculation, we have
p = c. (9)
Similarly, to determine the values of d and q, we balance the linear term of lowest order of L in Eq. (5) with the lowest order
nonlinear term, and get
q = d. (10)
We can freely choose the values c and d as illustrated in [1]. For simplicity, we choose p = c = 1 and q = d = 1. Then (8)
becomes
f (η) = a1e
η + a0 + a−1e−η
eη + b0 + b−1e−η , η = kx+ ωt. (11)
Motivated by the above argument, in this paper, we assume that Eq. (1) admits a solitary wave solution of the form
u(x, t) = R ∂
2
∂x2
ln f (x, t), (12)
where
f (x, t) = a1e
η + a0 + a−1e−η
eη + b0 + b−1e−η , η = kx+ ωt, (13)
i.e.
u(x, t) = Rk
2[A3e3η + A2e2η + A1eη + A0 + A−1e−η + A−2e−2η + A−3e−3η]
(eη + b0 + b−1e−η)2(a1eη + a0 + a−1e−η)2 , (14)
where
A3 = −a21b0 + a0a1, A2 = −4a21b−1 + 4a−1a1, (15)
A1 = a0a−1 − a20b0 + 6a−1a1b0 − a221 b0b−1 − 6a1a0b−1 + a1a0b20, (16)
A0 = −4a20b−1 + 4a1a−1b20, (17)
A−1 = −a2−1b0 + 6a−1a1b0b−1 + a1a0b2−1 − a20b−1b0 − 6a−1a0b−1 + a−1a0b20, (18)
A−2 = −4a2−1b−1 + 4a1a−1b2−1, (19)
A−3 = a0a−1b2−1 − a2−1b0b−1. (20)
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Notice that the exponential terms of highest and lowest orders in the numerator of Eq. (14) are different from those in the
denominator, thus showing the difference in the solution form between the direct application of the Exp-function method
and our new application.
Substituting Eq. (14) into Eq. (1) and equating the coefficients of all powers of enη to zero yields a system of algebraic
equations for a1, a0, a−1, b0, b−1, k, ω and R. Solving the system of algebraic equations with the help of Maple, we obtain
three cases as follows:
Case 1 :

k = k, a0 = a0, ω = −k3, R = 1, a1 = 14
a20
a−1
, b0 = 0, b−1 = 0, a−1 = a−1

, (21)
Case 2 : k = k, R = 2, b0 = 0, ω = −4k3, a1 = a1, b−1 = 0, a−1 = a−1, a0 = 0 , (22)
Case 3 :

k = k, a0 = a0, R = −2, ω = −k3, b−1 = a0 (a1b0 − a0)a21
, a1 = a1, a−1 = 0, b0 = b0

. (23)
Substituting Eqs. (21)–(23) into Eq. (14), we obtain the following solitary solutions to Eq. (1):
u(x, t) = 4k
2a0a−1
4a2−1e−η + 4a0a−1 + a20eη
, η = kx− k3t, (24)
u(x, t) = 8k
2a−1a1
(a1eη + a−1e−η)2 =
8k2a−1a1
a21e2η + 2a1a−1 + a2−1e−2η
, η = kx− 4k3t, (25)
u(x, t) = 2k
2a1 (a1b0 − a0) e−η (a0 + a1eη)2
a0 (a1b0 − a0) e−η + a21b0 + a21eη
2 , η = kx− k3t. (26)
The solution u(x, t) in (24) can be written as
u(x, t) = 4k
2a0a−1 sech2

η
2

2a−1

1− tanh  η2 + a0 1+ tanh  η2 2 , η = kx− k3t, (27)
which reduces to a more familiar form when we set a−1 = a02 :
u(x, t) = 1
2
k2 sech2
η
2

, η = kx− k3t. (28)
In the case where k is an imaginary number, if we set k = iK in Eq. (26), the solution in (26) becomes
u(x, t) = −2K
2a1 (a1b0 − a0)

a21 + a20

cos

Kx+ K 3t+ 2a0a1 + i a21 − a20 sin Kx+ K 3t
a21 + a0 (a1b0 − a0)

cos

Kx+ K 3t+ a21b0 + i a21 − a0 (a1b0 − a0) sin Kx+ K 3t2 . (29)
If we search for a periodic solution or compacton-like solution, the imaginary parts in Eq. (29) must be zero, which requires
that 
a21 − a20 = 0,
a21 − a0(a1b0 − a0) = 0. (30)
Solving Eq. (30) we obtain the following two sets of solutions:
{a0 = a1, a1 = a1, b0 = 2} , (31)
{a0 = −a1, a1 = a1, b0 = −2} . (32)
This in turn gives the periodic solitary wave solutions to (1):
u(x, t) = −K
2
cos

Kx+ K 3t+ 1 , (33)
and
u(x, t) = K
2
cos

Kx+ K 3t− 1 . (34)
It should be noted that solutions (24), (26), (27) and (29), (33)–(34) obtained in this contribution have not been found in
the literature [14] and that solutions (26), (29), and the periodic solution (33)–(34) cannot be directly constructed by the
Exp-function method (see Fig. 1).
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Fig. 1. An inverted periodic solitary wave solution (33) when K = 2,−400 ≤ x ≤ 400,−200 ≤ t ≤ 200.
3. Conclusion
In this paper, we have successfully implemented the Exp-function method in combination with the dependent variable
transformation from singularity analysis to obtain new generalized solitary wave solutions and a new periodic solution to
the KdV equation. The new application of the Exp-function method presented in this contribution can also be applied for
finding more kinds of generalized solitary wave solutions and periodic solutions for nonlinear evolution equations arising
in mathematical physics.
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